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Using Monte Carlo simulation, we studied the electrical conductivity of two-dimensional films. The films
consisted of a poorly conductive host matrix and highly conductive rod-like fillers (rods). The rods were of
various lengths fitting a log-normal distribution. They could be aligned along a direction. Special attention
was paid to films having completely aligned rods. The impact of length dispersity and the extent of rod
alignment on the insulator-to-conductor phase transition was studied. The greater the length dispersity the
smaller the critical concentration. The anisotropy of the electrical conductivity was more pronounced in the
vicinity of the phase transition. A finite size effect was found to be significant only in the vicinity of the phase
transition.
PACS numbers: 64.60.ah, 61.43.Bn, 72.80.Ng
I. INTRODUCTION
Transparent conductive films containing highly con-
ductive particles in a transparent, poorly conductive
medium are important components of modern optoelec-
tronic devices, for the improvement of which, numerous
scientific studies are currently being carried out, includ-
ing efforts to identify the main factors affecting the ef-
fective electrical conductivity and transparency of such
films1. Transparent conductors (TCs) are in demand in
many modern devices such as touch screens, liquid crystal
and organic light emitting displays, and solar cells. Ad-
vances in nanomaterial research have offered new TCs in
place of the traditionally-used doped metal oxides. These
TCs include carbon nanotubes (CNTs), graphene, metal
nanowires (NWs), and printable metal grids.
Films with metallic NWs or CNTs, the aspect ratios
of which (the ratio of the characteristic length to the
characteristic transverse dimension of the particle) are of
the order of hundreds and even thousands2–4, show good
conductivity and transparency. There is a small amount
of experimental data showing that electrical conductivity
increases with increased average length of silver NWs5–7,
as well as with an increase in the aspect ratios of silver
NWs8 and of multiwalled CNTs9.
The length dependence of on-currents and the appar-
ent mobilities for selectively dispersed, semiconducting
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single-walled CNTs (SWCNTs) has been investigated10.
Transistors with the highest concentrations of long nan-
otubes approach the on-conductance and mobility values
of pure semiconducting nanotube networks. The length
and, in particular, the number, of the longest nanotubes
in the composite play an important role in determining
the final on-conductances and mobilities.
It should be noted that, in composites, the CNTs, sil-
ver NWs and copper NWs differ not only in length but
also in diameter; they may also have a curved shape;
moreover, CNTs have dispersity in their specific conduc-
tivity. (According to IUPAC recommendations, we use
the term “dispersity” here and below, no matter what
term was used in the cited article, since ““Monodis-
perse” is a self-contradictory term, and “polydisperse”
is tautologous.”11.) All these factors affect the effective
electrical conductivity of the composite and complicate
analysis of the experimental data. Statistical studies of
the distribution of filler lengths have been carried out for
copper NWs3, silver NW2,12,13, CNTs4,14–18 and for hy-
brid magnetite-silver microparticles19. In most cases, the
distribution of filler lengths was well fitted by a lognor-
mal distribution. Both the lognormal distribution and
the Weibull distribution approximate well to the statis-
tical data for the lengths of SWCNTs, nevertheless, the
Weibull distribution is more reasonable20. Khanarian et
al.2 concluded that the ratio of the mean diameter to the
weighted average of the lengths is important for the elec-
trical properties of such films. A bimodal distribution
of CNT lengths has been created by mixing nanotubes
taken from the long and short of batches of as-milled
CNTs, and the electrical conductivity of the composite
has been measured at different values of the weighted
average of the lengths; the results being compared with
2those of the as-milled samples16. The as-milled samples
showed electrical conductivity two orders of magnitude
higher in the region of large values of the weighted aver-
ages of the lengths.
The electrical conductivity of a composite containing
cylinders has been simulated8 to enable the dependence
of the electrical conductivity on the aspect ratio of the
cylinders to be studied. With the assumption that all
the electrical resistance results from contact resistances
between neighboring cylinders, calculations of the net-
work conductivity for cylinders with finite dimensions
were also performed. The authors compared the results
of the simulation with experimental data, as well as with
the conclusions of the analytical models (soft-core and
core-shell) and found that the experimental values agreed
more closely with the simulations than with either of the
analytical models.
Study of the transition to a resistance network has
been carried out both with regard to the resistance of
the sticks, and by taking into account the contact re-
sistance, and the type of contact: metal–metal, metal–
semiconductor, semiconductor–semiconductor21. The
network resistance has been calculated in the light of
both the NW–NW junction resistance and the resistivity
of the NW itself, while the model additionally considered
the curviness of NWs22. For randomly oriented networks,
curviness was found to be undesirable since it increased
the resistivity. By contrast, for well-aligned networks,
some curviness is highly desirable, since, here, the resis-
tivity minimum occurs for partially curvy NWs.
Two models with different distributions were investi-
gated23. In the first model, the rod lengths and diame-
ters were almost normally distributed, i.e. negative val-
ues produced by the normal distribution were truncated.
This led to breaking of the symmetry of the Gaussian
distribution. In the second model, two fixed size popula-
tions of low- and high-aspect-ratio rods were considered.
In calculating the resistance of the composite, only the
contact resistance between the two rods was taken into
account. The following result was obtained: the per-
colation threshold is insensitive to dispersity for small
standard deviations (less than 0.3) in respect of length,
but greatly decreases with increasing standard deviations
(greater than 0.3). Compare this with the dispersed case,
where, because of the above mentioned asymmetry of the
length distribution, there is an excess of longer rods. Ex-
cellent agreement between the simulations and predic-
tions from the generalized excluded-volume model solu-
tion for disperse rod networks has been observed. Sys-
tems of bimodal rod networks, indicate that the perco-
lation threshold is lowered by increasing the relative vol-
ume fraction of the longer rods, and the longer these rods,
the more pronounced the reduction at small relative vol-
ume fractions. A corresponding result was obtained for a
bimodal system of rods24. The presence of a fraction of
isotropically oriented rods of small aspect ratio has been
shown to lower the percolation threshold for systems in
which the longer rods are strongly aligned25. A com-
puter simulation study on the effects of length dispersity
on geometrical percolation in suspensions of hard sphero-
cylinders has been reported26. The results for bimodal,
Gaussian and Weibull distributions have been compared
and such comparisons have shown that the different kinds
of dispersity exhibit non-trivial universal behavior.
A lognormal distribution of rod lengths was used in
the simulations. It was found that length dispersities of
about 0.20 led to a roughly 20% reduction of the resis-
tance in comparison to a system of NWs without dis-
persion and with the same average length of NWs3. In
a model19 where random stick systems with lognormal
length distribution were investigated, an increase in the
value of the standard deviation led first to a slight de-
crease in the percolation threshold, then to a situation
where, practically, no variation with the value of the
standard deviation could be observed. The resistivity in
percolation networks of one-dimensional elements with a
lognormal length distribution27, have been studied using
Monte Carlo (MC) simulations. For junction resistance-
dominated random networks, the resistivity correlated
with the root mean-square element length, whereas for
element resistance-dominated random networks, the re-
sistivity scaled with the average element length. The
relationship between the critical density and the length
of the nanotubes in the percolation paths has been ob-
tained by combining MC and SPICE (Simulation Pro-
gram with Integrated Circuit Emphasis) simulations28.
Gaussian length distribution was used. In a mixed net-
work of metallic and semiconducting nanotubes, the ef-
fects of the junctions determined the electrical properties
of the network. The junctions were classified as Ohmic
or Schottky contacts, depending on how the pairs of nan-
otubes formed. Each channel was modeled as a resistor,
and each junction was modeled as two diodes connected
in parallel with reverse polarity (diode ring) for a Schot-
tky contact or as a resistor for an Ohmic contact.
Charge transport in a network cosisting only of semi-
conducting SWCNTs has been modeled as a random re-
sistor network (RRN) of tube–tube junctions29. The im-
pacts of both the average length and the standard devia-
tion of the length on the network mobility were analyzed
using a gamma distribution as the length distribution
function.
In the above models, the resistance of the host matrix
was assumed to be infinitely large. The effect of the
dielectric properties of the host matrix on the percolation
threshold when calculating the tunnel current has been
investigated24.
Recently, simulations of the electrical conductivity of
two-dimensional (2D) systems with rod-like fillers of
equal length have been performed both in lattice30–32 and
in continuous33,34 approaches. In the present work, we
have examined the effect of dispersity of filler length on
the electrical conductivity of 2D composites with aligned
rod-like fillers by means of computer simulation.
The rest of the paper is constructed as follows. In
Section II, the technical details of the simulations and
3calculations are described. Section III presents our main
findings. Section IV summarizes the main results.
II. METHODS
A. Preparation of the film samples
We used a continuous approach to prepare each film
sample. Zero-width (widthless) rod-like particles were
deposited uniformly with given anisotropy onto a sub-
strate of size L × L and with periodic boundary condi-
tions (PBCs). Intersections of the particles were allowed.
The length of the particles, l, varied according to a log-
normal distribution with the probability density function
(PDF)
f(l) =
1
lσl
√
2pi
exp
(
− (ln l − µl)
2
2σ2l
)
. (1)
The mean, 〈l〉, and the standard deviation, SD(l), are
connected with the parameters of the log-normal distri-
bution, µl, σl, as follows
〈l〉 = exp
(
µl +
σ2l
2
)
, (2)
SD(l)2 =
(
exp
(
σ2l
)− 1) exp (2µl + σ2l ) . (3)
A change of any parameter affects both the mean and the
standard deviation. To avoid a superposition of different
effects, the mean was set as a constant during simulation.
In this case, we could extract and study the individual
effect of the length dispersity. All our computations were
performed for 〈l〉 = 1. For this particular value of the
mean the parameters of the log-normal distribution are
µl = −σ
2
l
2
, σ2l = ln
(
SD(l)2 + 1
)
.
The anisotropy of the system is characterized by the
order parameter
s = N−1
N∑
i=1
cos 2θi, (4)
where θi is the angle between the axis of the i-th rod and
the horizontal axis x, and N is the total number of rods
in the system (see, e.g.,35). In our simulations, the angles
were distributed according to a normal distribution33
f(θ) =
1√−pi ln s exp
(
θ2
ln s
)
. (5)
For each sample, a sequence of random positions (two
coordinates for each rod), orientations, and lengths was
generated. This sequence was used to produce a film with
the desired number density of rods, n, i.e., the number
of fillers per unit area,
n =
N
L2
. (6)
Figure 1 demonstrates the angle- and the length-
distribution of the rods in one particular sample of the
film.
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FIG. 1. Examples of distributions of rods by angle and by
length in one particular sample of a film with anisotropy
s = 0.8; the total number of rods is N = 102400. (a) An-
gle distribution. The PDF of the normal distribution (5) is
shown at an appropriate scale for comparison. (b) Length dis-
tribution; the standard deviation SD = 0.5. The PDF of the
log-normal distribution (1) is shown at an appropriate scale
for comparison.
We performed our simulations for different values of
the order parameter and length dispersity, viz., s =
0.5, 0.8, 1, and SD = 0, 0.1, 0.5, 1.0.
B. Computation of the electrical conductivity
The rods were considered to be highly conductive
whilst the substrate was assumed to be poorly conduc-
tive. In all our computations, the electrical contrast, i.e.,
the ratio of the conductivity of the rods, σp, to the con-
ductivity of the substrate, σm, was ∆ = 10
6. To account
4the electrical conductivity of both the substrate and the
fillers, a three-step transformation of the samples was
performed33,34,36.
a. In the first step, a sample was divided into square
cells of equal size, in such a way that the film was trans-
formed into a mesh of m×m cells.
b. In the second step, a cell was marked as conduc-
tive when it contained any part of a rod or some parts of
several rods, otherwise the cell was marked as insulating.
In this way, the continuous problem of rods was trans-
formed into a problem of linear polyominoes of typical
length ≈ m/L33,34,36. The fraction of conductive cells
was denoted as the concentration or the filling fraction,
p. In the case of strictly aligned rods of equal size (s = 1,
SD = 0), the polyominoes are simply rectangles with the
aspect ratio33
k = m/L+ 1. (7)
c. In the third step, the PBCs were removed, i.e.,
the torus was unfolded into a plane. The Hoshen–
Kopelman algorithm37 was applied to check whether
there were any percolating (spanning) clusters of the con-
ductive cells. Then, each cell was replaced by four con-
ductors connected as a four-pointed star (crosswise). All
four conductors were assumed to have the same conduc-
tivities, viz., σp = 2 · 106 a.u. when the cell was marked
as conductive and σm = 2 a.u. otherwise. In such a way
the film was transformed into an RRN. The conductivity
of such an RRN was calculated using the Frank–Lobb
algorithm38 for each desired number density in both mu-
tually perpendicular directions. As a result, the electrical
conductivity vs number density, σi(n), the electrical con-
ductivity vs concentration, σi(p), and the presence of the
percolation cluster vs number density and concentration
were obtained for each sample. Here, i =‖,⊥ means the
directions along and perpendicular to the alignment of
the fillers, respectively. For each pair of values s and
SD, the electrical conductivities were computed for the
meshes m = 256, 512, 1024.
C. Averaging of the electrical conductivity
The main concept, here, is that averaging the values of
a physical quantity that characterizes different physical
states, is a physical nonsense. Although further specula-
tions are about the electrical conductivity, they can be
applied to other quantities. Due to the random positions,
orientations, and lengths of the fillers, at a concentration
of fillers close to the percolation threshold, the electrical
conductivity can correspond to an insulating state in one
test and to a conducting state in another. Thus, to over-
come this issue, our applied method of averaging of the
electrical conductivity included four steps (Fig. 2).
a. Step 1. In the first step, the data for all the in-
dependent runs were collected (Fig. 2(a)). A curve of
the electrical conductivity of any film vs concentration
of fillers can be divided into two branches; one (lower)
branch corresponds to the insulating states, whilst the
other (upper) one corresponds to the conductive states
(Fig. 2(a)). These branches should be averaged sepa-
rately over all the independent runs since the electri-
cal conductivities below and above the phase transition
point, in general, are described by different dependencies
on the concentration of the conducting particles. A jump
of the electrical conductivity at the percolation threshold
arises due to the finite size of the system under consid-
eration; this jump decreases as the size of the system
increases and vanishes in the thermodynamic limit.
b. Step 2. Our method is based on the change of
variables similar to that described in39. Note that the
transformation
p→ p− pc
pc
(8)
maps the interval [0, pc] into the interval [−1, 0]. Simi-
larly, the transformation
p→ p− pc
1− pc (9)
maps the interval [pc, 1] into the interval [0, 1]. Although
the percolation threshold pc has a definite value in the
thermodynamic limit, any simulations are always carried
out on finite systems, and this leads to a dispersion of the
value of this quantity from one experiment to another.
The percolation threshold should by precisely defined to
the resolution of a single added rod for each particular
deposition sequence of rods. For each sample, the curve
σ(p) was divided into two branches at the percolation
threshold. The lower branch was mapped to the interval
[−1, 0] using transformation (8) while the upper branch
was mapped to the interval [0, 1] using transformation (9)
(Fig. 2(b)). Thus,
p∗ =


p− p(i)c
p
(i)
c
, if p < p
(i)
c ,
p− p(i)c
1− p(i)c
, if p ≥ p(i)c ,
(10)
where p
(i)
c is the percolation threshold for the i-th sample.
c. Step 3. Each branch was averaged over all the
independent runs (Fig. 2(c)). Linear interpolation be-
tween the experimental points was used for this with the
averaging being carried out for the desired values of con-
centrations.
d. Step 4. After averaging, both branches were
transferred to the original interval of concentrations with
abscises of the transformations being reciprocal to the
transformations (8) and (9) (Fig. 2(d)), viz.,
p =
{
〈pc〉+ 〈pc〉p∗, if p∗ < 0,
〈pc〉+ p∗ − p∗〈pc〉, if p∗ ≥ 0,
(11)
where 〈pc〉 = N−1ir
∑
i p
(i)
c is the mean value of the perco-
lation threshold averaged over all the independent runs
and Nir is the number of independent runs.
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FIG. 2. Example of averaging of the electrical conductivity over independent runs. (a) Step 1. All calculated values of the
electrical conductivity, σ‖, vs concentration, p, for 25 independent runs. (b) Step 2. Using Eq. (10), the results are mapped to
the interval [−1, 1] where 0 corresponds to the percolation threshold, pc. (c) Step 3. The averaged conductivity vs normalized
concentration, p∗. (d) Step 4. The averaged conductivity vs concentration, p; the transformation p∗ 7→ p has been performed
using Eq. (11). s = 1, m = 256, µl = 0, σl = 0.75.
In our computations, typically, the final curves were
the result of averaging over 25 independent runs.
Throughout the text, the error bars in the figures cor-
respond to the standard deviation of the mean. When
not shown explicitly, they are of the order of the marker
size.
D. Intrinsic electrical conductivity
For randomly oriented and arbitrarily shaped particles
with electrical conductivity σp suspended in a continuous
medium with electrical conductivity σm, the following
virial expansion40,41 is valid
σ
σm
= 1 + [σ]p+ O(p2), (12)
where p is the volume fraction of the particles. The quan-
tity
[σ] =
d lnσ
dp
∣∣∣∣
p→0
, (13)
is called the “intrinsic conductivity”. The “intrinsic con-
ductivity”, [σ], depends on different factors, such as the
electrical conductivity contrast, the particles shape, their
orientation with respect to the direction of measurement
of the electrical conductivity, the spatial dimension, and
the continuous or discrete nature of the problem.
E. Anisotropy of the electrical conductivity
Due to anisotropic deposition of the rods according to
the given value of the order parameter s, the electrical
6conductivity of the film may be different in two mutu-
ally perpendicular directions. To characterize such an
electrical anisotropy, we used the quantity30,31
δ =
log10
(
σ‖/σ⊥
)
log10∆
. (14)
Note that, at the percolation threshold, the effective
electrical conductivity of a two-phase thin film at equal
concentrations of the phases and with a random distri-
bution of them is equal to the geometric mean of the
conductivity of the phases
σg =
√
σmσp, (15)
where σp is the electrical conductivity of the particles
and σm is the electrical conductivity of the host ma-
trix (medium)42,43. By contrast, for anisotropic systems,
there is a significant difference between the electrical con-
ductivities in the two mutually perpendicular directions.
For a material with electrically isotropic particles of equal
size and anisotropic shape aligned along one direction44,
σ‖ = k
2uσ1−up σ
u
m,
σ⊥ = k
2u−2σ1−up σ
u
m.
(16)
Here, k = l/d is the aspect ratio of the particles. u = 1/2
in two dimensions43, hence, (16) reduces to45
σ‖ = kσg,
σ⊥ = k
−1σg.
(17)
Hence, the ratio of the electrical conductivities at the
percolation threshold is
σ‖
σ⊥
= k2 (18)
independent of the electrical contrast ∆44,46,47.
III. RESULTS
A. Finite size effect
In finite size discrete systems with aligned rods of equal
size, percolation in different directions occurs at different
concentrations of the rods48. Although the size of the
substrate, L, has a small effect on the behavior of the
electrical conductivity36, it shifts the percolation thresh-
old especially in the direction of rod alignment49.
In the systems under considerations, the finite size
effect is expected to be more pronounced for strongly
anisotropic systems, i.e. for systems with completely
aligned rods (s = 1) (Fig. 3). The percolation thresh-
olds along and perpendicular to the direction of the rod
alignment are significantly different (see inset in Fig. 3).
When the size of the system increases, this difference be-
tween the values of the percolation thresholds decreases.
This has an effect on the anisotropy of the electrical con-
ductivity in the vicinity of the percolation threshold. In
the thermodynamic limit, the percolation thresholds de-
crease linearly as dispersity increases. The dependence of
the percolation threshold on the dispersity is well fitted
by the linear function
pc = pc0 − α · SD, (19)
where pc0 = 0.55079± 0.00006 and α = 0.0286± 0.0009.
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FIG. 3. Percolation threshold, pc, for completely aligned rods
(s = 1) vs the standard deviation, SD, in the thermodynamic
limit. The line corresponds to a linear fit. Inset: example of
scaling of the percolation thresholds for the standard devia-
tion SD = 0.75 and m/L = 8. Here ν = 4/3 is the critical
exponent50.
Figure 4 demonstrates an example of the finite size ef-
fect on the electrical conductivity and its anisotropy for
one particular value of the standard deviation SD = 0.5.
Figure 4(a) shows that electrical conductivity is sensi-
tive to the size of the system only in the vicinity of the
percolation threshold. Although the effect is small, it
produces a “hump” in the curve of the electrical conduc-
tivity (Fig. 4(b)). The “hump” decreases as the size of
the system increases. The inset in Fig. 4(b) illustrates
how the maximal value of the electrical anisotropy, δmax,
decreases with the system size, L. Note that the theo-
retical prediction for those systems with a standard de-
viation SD = 0 Eq. (18) gives the electrical anisotropy
Eq. (14) δ = 0.301 when k = 9, i.e., m/L = 8. This value
is reasonably close to the δmax = 0.330± 0.017 obtained
for the system with moderate dispersity.
B. Electrical conductivity
All results presented in this section were obtained for
systems of size L = 32.
The dependencies of the intrinsic conductivity, [σ], on
the aspect ratio, k, are presented in Table I for films
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FIG. 4. Examples of finite size effect for different values of L
and fixed ratio m/L = 8. Completely aligned rods (s = 1)
with length distribution corresponding to the log-normal dis-
tribution with the standard deviation SD = 0.5. (a) Averaged
electrical conductivity, σ, vs the concentration, p. The arrows
point out the percolation thresholds p⊥c and p
‖
c in two per-
pendicular directions for one particular system size L = 32.
(b) Electrical anisotropy, δ, vs the concentration, p. The addi-
tional arrow indicates the position of the maximal anisotropy,
δmax. The star corresponds to the maximal anisotropy, δmax,
in the thermodynamic limit L → ∞. Inset: scaling of maxi-
mal anisotropy, δmax.
with completely aligned rods (s = 1) and different values
of the length dispersity. The transversal intrinsic con-
ductivity is insensitive to the dispersity of rod length. In
contrast, the longitudinal intrinsic conductivity increases
as the standard deviation, SD, increases. This behavior
corresponds qualitatively to the estimations, which can
be drawn from the theoretical results for systems with
elongated particles of equal size and ∆≫ 145,
[σ‖] = k + 1,
[σ⊥] = 1 + k
−1,
(20)
where k is the aspect ratio of the rods calculated accord-
ing Eq. (7).
TABLE I. Intrinsic conductivities for different values of m
and SD.
m
SD
0.0 0.1 0.5 1.0
longitudinal
256 8.289 8.507 9.712 14.058
512 14.637 14.916 17.340 26.620
1024 26.778 26.865 31.839 50.011
transversal
256 1.138 1.141 1.137 1.132
512 1.089 1.090 1.088 1.084
1024 1.055 1.058 1.057 1.055
Figure 5 shows an example of the dependence of the
effective electrical conductivity, σ, on the concentra-
tion, p, along the direction of alignment of the rods
(Fig. 5(a)) and in the perpendicular direction (Fig. 5(b))
for SD = 0, 0.1, 0.5, 1.0, m = 1024 and an intermediate
value of the order parameter, s = 0.5. The value of the
standard deviation, SD, affected the percolation thresh-
olds in both directions. However, the effects were differ-
ent in the parallel and transversal directions. In the case,
where all the rods are aligned along one direction, s = 1,
the transversal effective electrical conductivity should not
change with the variation in the dispersity of the length,
and this is confirmed by the numerical results.
Figure 6 shows the dependence of the percolation
threshold, pc, along the direction of alignment of the rods
(closed symbols) and in the perpendicular direction (open
symbols) on the order parameter, s, for four values of the
standard deviation when m = 1024. There is a general
tendency for the percolation threshold value to increase
when the order parameter increases.
Figure 7 presents examples of the electrical anisotropy
ratio, δ, (14) versus the concentration, p, for SD =
0.1, 0.5, 1.0, m = 1024, and s = 0.8, 1. In the cases of
both partially aligned rods, s < 1, (Fig. 7(a)) and com-
pletely aligned rods, s = 1, (Fig. 7(b)), the maximum of
the electrical anisotropy ratio became more pronounced
and shifted to correspond to the smaller values of p as
the dispersity increased. The large the order parameter,
s, the larger the electrical anisotropy, δ.
At small concentrations (p → 0), the rate of growth
of the anisotropy of the electrical conductivity increased
as the length dispersity, SD, and the aspect ratio, k, in-
creased for films with completely aligned rods (s = 1)
(Fig. 8). This behavior corresponds to the theoretical
estimation
dδ
dp
∣∣∣∣
p→0
=
k − k−1
ln∆
(21)
obtained using Eqs. (12), (14), and (20). The slope in-
creases as the standard deviation, SD, increases. The
difference between the theoretical prediction of the slope
ln−1∆ probably arises due to the different shapes of the
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FIG. 5. Examples of the dependencies of the effective electrical conductivity, σ, on the concentration, p, at SD = 0, 0.1, 0.5, 1.0
and s = 0.5, m = 1024, L = 32: (a) along the direction of alignment of the rods; (b) in the perpendicular direction.
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FIG. 6. Examples of the percolation threshold, pc, versus
the order parameter, s, for different values of the standard
deviation SD. m = 1024, L = 32.
particles in our model (rectangles) and in the theory (el-
lipsoids).
It is noticeable that the length dispersity demonstrated
no significant effect on the electrical conductivities in ei-
ther direction when the concentration of fillers was above
the value p⊥ (see Fig. 5 and Fig. 7). This suggests a uni-
versality of the electrical conductivity, not only for dense
isotropic RRNs51 but also for dense anisotropic RRNs.
An increase in the aspect ratio of the rods, i.e., in-
crease in the value of m at fixed size of the system un-
der consideration, L, resulted in increase of the electrical
anisotropy, δ, at small and moderate values of concentra-
tion, p, (Fig. 9).
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FIG. 7. Examples of the electrical anisotropy ratio, δ, versus
the concentration, p, for SD = 0.1, 0.5, 1.0, m = 1024, L = 32:
(a) s = 0.8; (b) s = 1.
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FIG. 8. Growth rate of the anisotropy of the electrical conduc-
tivity vs k− k−1 at small values of the concentration (p→ 0)
for different values of the standard deviation, SD, and s = 1.
Solid lines correspond to linear fits; the dashed line corre-
sponds to Eq. (21).
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FIG. 9. Example of the dependencies of the electrical
anisotropy, δ, vs the concentration, p, for different values of
m = 256, 512, 1024. Completely aligned rods (s = 1) with
high length dispersity (SD = 1), and L = 32.
IV. CONCLUSION
We simulated the electrical conductivity of poorly con-
ductive films with embedded highly conductive rod-like
fillers. The fillers were allowed to intersect each other.
The fillers were assumed to have different lengths accord-
ing to the log-normal distribution. The mean length of
the fillers was fixed, while the dispersity of length was
considered as an adjusted parameter.
We established that, basically, the behavior of those
systems with a dispersity of rod length was similar to
the behavior of the systems with fillers of equal size.
However, the phase transition insulator-to-conductor oc-
curred at a smaller concentration of fillers when the
length dispersity increased. In the thermodynamic limit,
the percolation threshold decreased linearly as the length
dispersity increased. For the finite-size films, the values
of the percolation thresholds along and perpendicular to
the direction of rod alignment (p‖ and p⊥, respectively)
were different. The effect of the system size on the elec-
trical conductivity was significant only in the vicinity of
the percolation threshold.
In films with completely aligned rods, the transver-
sal “intrinsic conductivity” was insensitive to the length
dispersity; by contrast, the longitudinal “intrinsic con-
ductivity” increased as the dispersity increased.
The length dispersity had a more pronounced ef-
fect on the longitudinal electrical conductivity while the
transversal conductivity was less sensitive to the length
dispersity. The greater the extent of alignment, the more
noticeable this effect. The anisotropy of the electrical
conductivity was more pronounced between p‖ and p⊥.
All in all, the greater electrical conductivity corre-
sponded to those films with completely aligned rods,
which have a high aspect ratio and large length disper-
sity. This fact suggests that a dispersity of filler lengths is
desirable to produce films with high electrical anisotropy.
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